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a b s t r a c t

We investigate the existence and stability of stationary waves of a nonlocal reac-
tion–diffusion population model with delay, nonlocality and strong Allee effect. By re-
ducing the model, the conditions for existence of stationary wavefront, wave pulse and
inverted wave pulse are established. Then we show that the stationary waves of the re-
duced model are also the stationary waves of the general model. The global stability of the
stationary waves is illustrated by numerically solving the general model for different sets
of parameter values.

© 2015 Elsevier B.V. All rights reserved.

1. Introduction

The wave solutions of Reaction–Diffusion (RD) models have been center of attention for decades [1–4]. In addition to
vast applications of traveling waves in population biology [5,3,6], various forms of waves have been observed in chemical
reactions [1,7,8], nonlinear optics [9], water waves [10–12], gas dynamics [13] and solid mechanics [14–17]. In order to
define the wave solutions of RD models, consider the following scalar RD equation

du(x, t)
dt

= D
∂2u(x, t)

∂x2
+ f (u(x, t)), (1)

where u(x, t) ∈ R is for instance, the population density of a single species at time t and location x ∈ R, f (u) is the
proliferation rate, and D is the diffusion rate of the single species. A traveling wave solution u(x, t) of Eq. (1) is a solution of
the form

u(x, t) = U(x + ct) = U(z), z = x + ct, with x ∈ R and t > 0, (2)

where the constant c is the speed of propagation and the dependent variable z is the wave variable. Then U(z) is a traveling
wavemoving at constant speed c without changing its shape or amplitude. To be physically realistic, U(z)must be bounded
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Fig. 1. A schematic representation of density dependence. (a) With strong Allee effect there is a threshold value u2 at low population densities and f (u) is
concave up at the origin. (b) With weak Allee effect there is no threshold value, yet f (u) remains concave up at the origin. (c) There is no Allee effect when
f (u) is concave down at the origin.

and non-negative for all z ∈ R. When c = 0, the wave is stationary (i.e., it does not travel in any direction of the spatial
domain).

By substituting U(z) into Eq. (1) and using the chain rule, the wave equation

D
d2U(z)
dz2

− c
dU(z)
dz

+ f (U(z)) = 0 (3)

is deduced.
Let c = 0 and let zero and one be the equilibria of Eq. (3). Then a solution of Eq. (3) that satisfies boundary conditions

U(−∞) = 0 and U(−∞) = 1 is a stationary wavefront of Eq. (1). Similarly, the stationary wave pulse of the RD equation
(1) satisfies the wave equation (3) and boundary conditions U(±∞) = 0. The wave pulse is inverted when the boundary
condition is changed to U(±∞) = 1. The stationary front and pulse solutions of the RD equation (1) are respectively
characterized by the homoclinic and heteroclinic orbits [18,19] of Eq. (3) in the corresponding phase-planes.

The present work investigates the existence and stability of stationary pulse and wavefronts of an RD population model
with delay, nonlocality and strong Allee effect [20,21]. A population exhibits Allee effect when its proliferation rate f (u) is
negative or close to zero at low population densities (i.e., f (u) is concave up at the origin). For larger population densities,
f (u) increases until it reaches a local maximum. The difference between the strong and weak Allee effect is shown in Fig. 1,
where the former has a critical population density u2 while the latter does not. In the absence of diffusion, a population with
strong Allee effect goes extinct when the density falls below the threshold value u2. In the present work we show that the
threshold value u2 does not necessarily determine the fate of single species when the diffusion is present. In other words,
the population dispersal can be used as a survival mechanism for single species with some densities below u2. Without loss
of generality, let u1 = 0, u2 = T and u3 = 1. Then f (u) with strong Allee effect is mathematically characterized by

(H1) f (0) = f (T ) = f (1) = 0
(H2) f (u) < 0, 0 < u < T
(H3) f (u) > 0, T < u < 1
(H4) f ′(0) < 0, f ′(T ) > 0, f ′(1) < 0.

Let w(x, t) be the population density of the mature population at time t and position x. Then nonlocal delayed RDmodel
is given by

∂w(x, t)
∂t

= Dm
∂2w(x, t)

∂x2
− dmw(x, t) + ϵ


∞

−∞

b(w(y, t − τ))fα(x − y)dy, for t > τ, (4)

where Dm and dm are respectively constant diffusion and death rates of themature population, τ > 0 is thematuration time
delay, b(w) is the birth function and

fα(x) =
1

√
4πα

exp


−x2

4α


, (5)

is the heat kernel. Let dI(θ) be the death rate of individuals at age θ . Then the constant ϵ is given by

ϵ = exp

−

 τ

0
dI(θ)dθ


, (6)

which represents the overall impact of the immature population death on the mature population growth rate. The integral
term in the model (4) is a weighted spatial average corresponding to all births occurred in the spatial domain at a previous
time t−τ . Using the Britton’s approach [22,23] and the Smith–Thieme approach [24]model (4)was developed by So et al. [6].
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The impact of the density dependent birth function b(w) andmaturation time delay τ on single species population dynamics
has been studied in detail [25,26]. Model (4) has also been extended to RD models with respect to two-dimensional spatial
domains [25–27], where the existence of traveling wave solutions has been investigated [26,6].

The diffusion rate of the immature population is given by DI = α/τ . Hence, the immature population is immobile when
α = 0 and the general model (4) is reduced to

∂w(x, t)
∂t

= Dm
∂2w

∂x2
− dmw(x, t) + ϵb(w(x, t − τ)), (7)

which has been extensively studied [28–30].
Let w(x, t) = φ(x + ct) = φ(z) be a wave solution of the general model (4). Let Y = y − x and z = x + ct . Define the

linear transformation T (t, x) = x + ct and let w(x, t) = φ(z) be the wave solution. Then substituting φ(z) into (4), using
the transformation T (t − τ , y) = z − cτ + Y , and replacing Y with y, the wave equation corresponding to (4) is given by

Dmφ′′(z) − cφ′(z) − dmφ(z) + ϵ


∞

−∞

b(φ(z − cτ + y))fα(y)dy = 0. (8)

The minimal speed of spread and the existence of traveling wavefronts of the model (4) have already been investigated
in several studies [5,31,6]. Using specific birth functions, the behavior of wave solutions has been studied in [5,32,26]. The
traveling wave solution of model (4) can be approximated using a boundary layer method combined with an asymptotic
expansion method [33]. Despite the above-mentioned studies, there has been less effort investigating the existence and
stability of the stationary waves of the model (4). The present work aims to fill this gap by establishing the conditions
for existence of stationary waves (Section 2) and numerically examining the stability of the stationary wave solutions
(Section 3). Furthermore, a discussion of the main outcomes and the biological implications of the results is provided in
Section 4.

2. Existence of stationary waves

Let c = 0 and U(z) = φ(x). Then wave equation (3) is reduced to the Hamiltonian system
dφ(x)
dx

= ϕ(x)

dϕ(x)
dx

= −
1
D
f (φ(x)),

(9)

with the Hamiltonian function

H (φ, ϕ) =
ϕ2

2
+

1
D

 φ

0
f (s)ds. (10)

Define

F(φ) =
1
D

 φ

0
f (s)ds. (11)

The following theorem establishes the conditions for existence of homoclinic and heteroclinic orbits of the system (9).

Theorem 1. Let f (φ) be continuous and satisfy conditions (H1)–(H4). Then system (9) admits a

(i) right-homoclinic orbit, when F(1) > 0
(ii) left-homoclinic orbit, when F(1) < 0
(iii) heteroclinic orbit, when F(1) = 0.

Proof. Part (i)
Each level curve of the system (9) is given by H (φ, ϕ) = k, where k is a constant. Noting that H (0, 0) = 0 for a right-

homoclinic orbit, we must have k = 0. Using (10) the level curve passing through the origin must satisfy ϕ2
= −2F(φ).

By conditions (H1) and (H2) we get that F(0) = 0 and F(φ) < 0 for φ ∈ (0, T ]. Since F(1) > 0, there must be a point
φ∗

∈ (T , 1) such that F(φ∗) = 0. By the continuity of F(φ) we conclude that there exists a homoclinic orbit connecting the
origin to itself.
Part (ii)

A left-homoclinic orbit connects (φ, ϕ) = (1, 0) to itself. Consider the slightly modified Hamiltonian function

Ĥ (φ, ϕ) =
ϕ2

2
−

1
D

 1

φ

f (s)ds. (12)
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Similar to part (i), for the level curve passing through (1, 0), we must have k = 0 and therefore ϕ2
=

2
D

 1
φ
f (s)ds. By

conditions (H1) and (H4) the last integral has a maximum at φ = T and declines in the interval φ ∈ (T , 1). Noting that
F(1) < 0, there must be a point φ∗

∈ (0, T ) such that ϕ = 0.
Part (iii)

A heteroclinic orbit connects the origin to (φ, ϕ) = (1, 0). Since F(1) = 0 we must have
 1
T f (s)ds = −

 T
0 f (s)ds. Using

the Hamiltonian function (10) we get that φ∗
= 1. �

A non-constant stationary solution w(x, t) = φ(x) of the reduced model (7) must satisfy

Dmφ′′(x) − dmφ(x) + ϵb(φ(x)) = 0. (13)

Then we have the following corollary.

Corollary 1. Let f (φ) = ϵb(φ) − dmφ and satisfy conditions (H1)–(H4). Then the reduced model (7) admits a stationary

(i) wave pulse, when F(1) > 0
(ii) inverted wave pulse, when F(1) < 0
(iii) wavefront, when F(1) = 0.

Proof. This is a direct implication of Theorem 1. �

We now turn our attention to the specific birth function given by

b(φ) = pφ2e−aφ, (14)

which has been frequently used in different studies [32,31,26,6]. The single species population can exhibit strongAllee effect,
when the birth function (14) is employed. The following lemma provides details of the possible equilibria of models (4) and
(7) with the birth function (14).

Lemma 1. Let b(φ) = pφ2e−aφ . Let ϵp/dm = era/r for r > 0 and r ≠ 1. Then the reduced and general models (7) and (4) both
admit constant equilibria φ1 = 0, 0 < φ2 < φ3 and φ3 = r/a.

Proof. A constant equilibriumφi of the reducedmodel (7) is also that of the generalmodel (4) and it satisfies ϵb(φi)−dmφi =

0. When b(φ) = pφ2e−aφ, φ1 = 0 is an equilibrium. Provided that r > 0 and r ≠ 1, there are two positive equilibria

φ2 = −W0(−adm/ϵp)/a and φ3 = −W−1(−adm/ϵp)/a,

where W0(x) and W−1(x) represent the real-valued principal and the lower branches of Lambert W (x) function, for x ∈

(−e−1, 0). Using ϵp/dm = era/r we get that φ3 = r/a and 0 < φ2 < φ3. �

The following corollary establishes the conditions for existence of stationarywaves of the reducedmodel (7), when the birth
function (14) is employed.

Corollary 2. Let b(φ) = pφ2e−aφ . Let h(r) = −2er/r + r2/2 + r + 2 + 2/r, r ≠ 1 and ϵp/dm = era/r. Then the reduced
model (7) admits a stationary

(i) wave pulse, when h(r) < 0
(ii) inverted wave pulse, when h(r) > 0
(iii) wavefront, when h(r) = 0.

Proof. Noting that f (φ) = ϵb(φ) − dmφ from Eq. (14) we have
f (φ)dφ = −ϵp


a2φ2

+ 2aφ + 2
a3

e−aφ


−
dm
2

φ2. (15)

Part (i) Using Theorem 1 we only need to show that F(1) > 0 or equivalently φ3

φ2

f (φ)dφ > −

 φ2

0
f (φ)dφ. (16)

Using Eq. (15) and noting that the equilibria φi, i = 1, 2, 3 satisfy dmφ = ϵpφ2e−aφ we get that the inequality (16) is the
same as

dm


φ2
3

2
+

φ3

a
+

2
a2

+
2

a3φ3


<

2ϵp
a3

. (17)

By Lemma 1 φ3 = r/a. Also ϵp/dm = era/r . Hence the last inequality is the same as h(r) < 0. Proofs of parts (ii) and (iii)
are similar to the proof of part (i). �
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Remark 1. Note that the root of h(r) is r = 1.451. Hence, under the assumptions of Corollary 2 the reduced model (7)
admits a stationary wavefront when r = 1.451. Similarly, the existence of inverted wave pulse and wave pulse are implied
by r < 1.451 and r > 1.451, respectively.

The following theorem indicates that the stationary pulse and front solutions of the reduced model (7) are also those of
the general model (4). The proof is based on the generalizedmean value theorem and the properties of the heat kernel fα(x).

Remark 2. Let f (x) and g(x) be continuous functions. Let f (x) ≥ 0 for all x ∈ R and a, b > 0. Then by the mean value
theorem for integrals (e.g., [34, page 409]), there exists a constant k > 0 such that b

−a
g(t)f (t)dt = g(k)

 b

−a
f (t)dt. (18)

Theorem 2. Let φ(x) be a stationary front, pulse or inverted pulse of the reduced model (7). Then φ(x) is also a stationary front,
pulse or inverted pulse of the general model (4), respectively.

Proof. Let φ(x) be the stationary front of the reduced model (7) that connects the equilibria φ+ and φ− at the two ends.
Then φ(x) satisfies

Dmφ′′(x) − dmφ(x) + ϵb(φ(x)) = 0. (19)

We need to show that φ(x) also satisfies the wave equation of the general model (4), which is

Dmφ′′(x) − dmφ(x) + ϵ


∞

−∞

b(φ(y))fα(x − y)dy = 0. (20)

Let z = y − x − v, where v is a constant which is determined later. Noting that fα(x) defined in (5) has the property
fα(x − y) = fα(y − x), Eq. (20) is rewritten

Dmφ′′(z) − dmφ(z) + ϵ


∞

−∞

b(φ(z + x + v))fα(z + v)dz = 0. (21)

Hence, we need to show that for each x ∈ R,
∞

−∞

b(φ(z + x + v))fα(z + v)dz = b(φ(x)). (22)

Let a and b be positive constants. Noting that b(φ(z + x)) and fα(z) are continuous and fα(z) > 0 for all z ∈ R, by Remark 2,
for each x ∈ R there exists a constant k ∈ (−a, b) such that b

−a
b(φ(z + x + v))fα(z + v)dz = b(φ(k + x + v))

 b

−a
fα(z + v)dz. (23)

The value of k depends on a and b. However, the only extrema of fα(z) is the global maximum at z = 0 and lim fα(z) = 0
and lim b(φ(z)) = b(φ±), as z → ±∞.
Also the integrals in (23) are convergent and


∞

−∞
fα(z + v)dz = 1. Hence by letting a, b → ∞, k converges to a single value

k∗, where v = k∗ implies Eq. (22). The proof for the stationary pulse or inverted pulse is similar. �

3. Stability of stationary waves

Stability of stationary wave solutions was numerically investigated by solving the initial value problem corresponding to
the general model (4) and the wave equation (13). In particular, we employed a finite difference scheme in Matlab 2014a to
solve and compare the PDE solutions of (4) with the stationary wave solutions of (13) for different sets of parameter values.
When a stationary wave solution exists, the choice of the initial history function can play a critical role in convergence of
the PDE solution to the wave solution or to the constant equilibria. By considering the birth function (14), there are three
constant equilibria φ1 = 0, φ2 = −W0(−adm/ϵp)/a and φ3 = −W−1(−adm/ϵp)/a, provided ϵp/dm > ae. Noting that
φ1 and φ3 are stable and φ2 is unstable, we need to choose a history function w0(x, t) with values below and above φ2.
Otherwise the PDE solution converges to φ1 regardless of the delay value τ or it converges to φ3 for small values of τ . We
considered the initial history function

w0(x, t) = φ2 − y0 + β/(1 + exp(−δ(x − 210))) for t ∈ [−τ , 0] (24)
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Fig. 2. The solution of the general model (4) may converge to the stationary wavefront. (a) Graph of the proliferation function f (u) = ϵb(u)− dmu, where
b(u) and F(φ) are defined in (14) and (11), respectively. Note that F(1) = 0, i.e., the areas surrounded by f (u) and u-axis are equal. (b) Phase-plane of the
system (9) representing the heteroclinic orbit. (c and d) Convergence of the solution w(x, t) of the general model (4) to the stationary wavefront φ(x) of
the wave equation (13). See the supplementary file ‘‘confront.gif’’ for the related animation (see Appendix A). The specific parameter values are given in
Table 1.

Table 1
Summary of the parameter values used for the numerical simulations illustrated in Figs. 2–4. We used birth function (14)
with strong Allee effect for the simulations.

Symbol Description of parameters and variables Specific parameter values
Fig. 2 Fig. 3 Fig. 4

dm Death rate of mature population 0.1 0.1 0.1
p Mating ratio 4.27 4.95 3.67
ϵ Total death rate of immature population 0.1 0.1 0.1
Dm Diffusion rate of mature population 3.0 3.0 3.0
DI Diffusion rate of immature population 1.0 1.0 1.0
a Overcrowding parameter 1.45 1.60 1.30
τ Maturation time delay 1.0 1.0 1.0
w2 The equilibrium between 0 and 0.45 0.36 0.58
y0 Parameter of the history function 0.1 0.1 0.07
β Parameter of the history function 0.2 0.2 0.1
δ Parameter of the history function 0.043 0.001 0.008

Notes. The initial history function for Fig. 2 is given by (24). Also the initial history function for Figs. 3 and 4 is given by (25).
Similar results were obtained using different sets of parameter values.

and

w0(x, t) = φ2 − y0 + β exp(−δ(x − 200)) for t ∈ [−τ , 0] (25)

to investigate the convergence to the stationarywavefront andwave pulses, respectively. Table 1 is a summary of the specific
parameter values including the constants β, δ and y0.
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Fig. 3. The solution of the general model (4) may converge to the stationary wave pulse. (a) Graph of the proliferation function f (u) = ϵb(u)−dmu, where
b(u) is defined in (14). Note that F(1) > 0. i.e., the area above f (u), u ∈ [0, u2] is less than the area under f (u), u ∈ [u2, u3]. (b) Phase-plane of system (9)
representing a right-homoclinic orbit. (c and d) Convergence of the solution w(x, t) of model (4) to the stationary wave pulse φ(x) of wave equation (13).
See the supplementary file ‘‘conpulse.gif’’ for the related animation (see Appendix A). The expected and actual survival ranges correspond to the absence
and presence of diffusion, respectively. It can be seen that the survival range is increased when the diffusion is present. The specific parameter values are
given in Table 1.

Fig. 2 shows that the solution of the general model (4) may converge to the stationary wavefront satisfying both
Eqs. (8) and (13). Specifically, as shown in panel (a), the existence of the heteroclinic orbit is only possible when F(1) = 0
(see Corollary 1 part (iii)). Panel (b) illustrates the phase-plane of the system (9) representing the heteroclinic orbit, which is
equivalent to a stationary wavefront. The convergence of the PDE solution to the stationary wavefront is shown in panels (c)
and (d). The convergence is animated in ‘‘confront.gif’’ which is available in the supplementary documents (see Appendix A).
The specific parameter values are given in Table 1. Further numerical simulations are presented in Figs. 3 and 4, where the
convergence to the stationarywave pulse and invertedwave pulse are shown, respectively. The animation related to the PDE
solution converging towave pulse is available in the supplementary documents (see file ‘‘conpulse.gif’’, Appendix A). Also the
file ‘‘coninvertpulse.gif’’ is the animation for convergence of the PDE solution to the inverted pulse wave. We also explored
the convergence to the stationary wave solutions for different sets of the parameter values. When the maturation time
delay τ is increased the stability of φ3 is lost for the cases F(1) ≥ 0 (see Theorem 3(iii) of [32]) and therefore convergence
to the stationary wavefront and wave pulse does not occur. Nevertheless, the stability of φ3 is delay independent for the
case F(1) < 0 ([32, Theorem 3(i)]) and the PDE solution may converge to the inverted wave pulse (see Fig. 4) regardless of
τ value.

In addition to convergence to the stationary pulse, panel (d) of Fig. 3 shows that the threshold property of the middle
equilibrium w2 = T does not hold valid when the diffusion is present. In particular, the Expected Survival Range (ESR)
indicates the regions with the initial population densities above the threshold T and single species with initial densities
below T is expected to go extinct. Whereas the Actual Survival Range (ASR) is wider than the ESR. Hence, the diffusion of
single species could act as a survival mechanism for species with initial densities below w2 = T , but nearby ESR. Moreover,
panel (d) of Fig. 4 shows that ESR does not cover the entire special domain, but the diffusion may give rise to survival
everywhere.
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Fig. 4. The solution of the generalmodel (4)may converge to the stationary invertedwave pulse. (a) Graph of the proliferation function f (u) = ϵb(u)−dmu,
with F(1) < 0 i.e., the area above f (u), u ∈ [0, u2] is greater than the area under f (u), u ∈ [u2, u3]. (b) Phase-plane of the system (9) representing a left-
homoclinic orbit. (c and d) Convergence of the solution w(x, t) of model (4) to the stationary inverted wave pulse φ(x) of the wave equation (13). See the
supplementary file ‘‘coninvertpulse.gif’’ for the related animation (see Appendix A). In the absence of diffusion, the expected survival range corresponds to
the regions with initial population densities above the threshold equilibrium T = u2 . Whereas the actual survival range corresponds to the entire special
domain. The specific parameter values are given in Table 1.

4. Discussion

There have been widespread and extensive studies on delay diffusive models describing different biological situations.
The population models based on Smith–Thieme and Britton’s approaches [22–24] have brought intensive activities to
different areas of biology such as ecology, epidemiology and population biology. The local and global dynamics of these
models are still of great interest and the possible outcomes of these models may bring significant insights in understanding
the complicated nature of population growth and dispersal.

The primary focus of the present work was to investigate the existence and global stability of the stationary waves of
both reduced and general models (7) and (4). As mentioned in Theorem 2 a stationary wave solution of the reduced model
(7) is also a stationary wave solution of the general model (4). The numerical simulations suggest that the solution of the
general model (4) may converge to the stationary wave solution satisfying Eqs. (8) and (13). The general model (4) may also
admit stationary waves that are not those of the reduced model (7). Such stationary waves were not investigated in this
paper. Formation of the stationary wave pulses and wavefront may reflect population establishment and colonization in
certain regions of the wildlife habitats. The biological interpretations of conditions (H1)–(H4) and their subsequent results
(i.e., Theorem1 andCorollaries 1 and 2) are briefly discussed as follows. In the absence of population dispersal (i.e., diffusion),
a single species population with strong Allee effect is expected to go extinct when the density falls below the threshold T .
However, the present work shows that population dispersal may contribute to survival of species with initial densities
less than T . For instance, Fig. 3(d) shows that a single species with initial densities below T = 0.36 but in the range
150 < x < 250 may survive due to existence of a stable stationary wave pulse. Figs. 2(c) and 3(c) show that the actual
survival regions may not necessarily match with the regions that have initial densities above T = 0.45 and T = 0.36,
respectively. This is due to the fact that the shape of and amplitude of the stationary waves are not the same as the
initial density curves defined by Eqs. (24) and (25), respectively. Therefore, the fate of the single species population can
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be determined according to the shape (i.e., front, pulse or inverted pulse) of the globally stable stationary wave rather than
a single threshold value T .

In conclusion, the present study was an effort to explore the existence and stability of the stationary waves of single
species populations. Formation of the stationary waves in the spatial domain indicates that a constant threshold density
does not necessarily determine the survival or extinction of single species with strong Allee effect.
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