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This paper studies quantum perfect state transfer on weighted graphs. We prove that the join of
a weighted two-vertex graph with any regular graph has perfect state transfer. This generalizes a
result of Casaccino et al.! where the regular graph is a complete graph with or without a missing
edge. In contrast, we prove that the half-join of a weighted two-vertex graph with any weighted
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regular graph has no perfect state transfer. As a corollary, unlike for complete graphs, adding
weights in complete bipartite graphs does not produce perfect state transfer. We also observe
that any Hamming graph has perfect state transfer between each pair of its vertices. The result is
a corollary of a closure property on weighted Cartesian products of perfect state transfer graphs.
Moreover, on a hypercube, we show that perfect state transfer occurs between uniform super-
positions on pairs of arbitrary subcubes, thus generalizing results of Bernasconi et al.> and Moore
and Russell.®

Keywords: Perfect state transfer; quantum networks; weighted graphs; join.

1. Introduction

Recently, the notion of perfect state transfer on quantum networks modeled by
graphs has received considerable attention in quantum information.!’?*~% A main
goal in this line of research is to find and characterize graph structures, which exhibit
perfect state transfer between pairs of vertices in the graph. This is a useful property
of quantum networks since it facilitates information transfer between locations.

We may conveniently view the problem of perfect state transfer in the context of
quantum walks on graphs.®!0 In this setting, the initial state of the quantum system
is described by a unit vector on some initial vertex a. To achieve perfect transfer to a
target vertex b at time ¢, the quantum walk amplitude of the system at time ¢ on
vertex b must be of unit magnitude. In other words, we require that |(ble ~#4¢|a)| = 1,
where A is the adjacency matrix of the underlying graph G which describes the
quantum network.

Christandl et al.* observed that the Cartesian products of paths of length 3 (two-
link hypercubes) admit perfect state transfer between antipodal vertices. They also
noted that paths of length 4 or larger do not possess perfect state transfer unless their
edges are weighted in a specific manner.® In fact, this weighting scheme corresponds
closely to the hypercube structure. Feder!! has extended this observation to a more
sophisticated construction in the context of bosons. This crucially shows that edge
weights can be useful for achieving perfect state transfer on graphs which are known
not to possess the property.

It is known that complete graphs do not have perfect state transfer. But, sur-
prisingly, Casaccino et al.! observed that adding weighted self-loops on two vertices
in a complete graph helps create perfect state transfer between the two vertices. We
generalize their observation by considering the join of a weighted two-vertex graph
with an arbitrary regular graph. We prove that adding weights also helps for perfect
state transfer in this more general case. On the other hand, we show that the half-join
between a weighted two-vertex graph with a weighted self-join of an arbitrary regular
graph, where each vertex of the two-vertex graph is connected to exactly half of the
join graph, has no perfect state transfer for any set of weights. This implies that
weights provably do not help in achieving perfect state transfer in a complete
bipartite graph. The full connection that is available in the standard join seems
crucial in achieving perfect state transfer.
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Bernasconi et al.? gave a complete characterization of perfect state transfer on the
hypercubes. In fact, their result holds for any Zj-circulant graph. They proved that
perfect state transfer is possible at time ¢ = 7/2 between any pair of vertices. We will
refer to this stronger property as universal perfect state transfer. Previously known
results on perfect state transfer on other graphs, such as integral circulants® and two-
link hypercubes P;",* allow only perfect state transfer between antipodal vertices
(which are vertices at the maximum distance from each other). Recent results on
integral circulants and other graphs'? have exhibited perfect state transfer between
non-antipodal vertices, but most of these graphs still lack the property of universal
perfect state transfer.

We show that weights are useful for universal perfect state transfer on the family
of Hamming graphs K SB”, which is a generalization of the hypercube family. We
prove this result by extending the observation of Christandl et al.* to perfect state
transfer on weighted Cartesian products. For the hypercube @Q),,, we prove a stronger
property of universal perfect state transfer. We show that perfect state transfer
occurs between uniform superpositions over two arbitrary subcubes of @,. This
generalizes the results of Bernasconi et al.? (mentioned above) and also of Moore and
Russell? on the uniform mixing of a quantum walk on the n cube.

Note that if we allow zero edge weights, then universal perfect state transfer
becomes trivial. Assuming that the two source and target vertices are connected, find
a path connecting them, assign the hypercubic weights to the edges on this path
(as in Ref. 4) and zero weights to the other edges. This shows that universal perfect
state transfer can be achieved if zero edge weights are allowed.

2. Preliminaries

For a logical statement S, the Iversonian notation [[S]] is 1 if S is true and 0
otherwise.!® As is standard, we use I, and J, to denote the n x n identity and
all—one matrices, respectively; we drop the subscript n whenever the context is clear.

The graphs G = (V, E) which we study are finite, mostly simple, undirected, and
connected. The adjacency matrix Ag of a graph G is defined as Ag[u, v] = [[(u, v)
€ EJ]. A graph Gis called k-regular if each vertex has k adjacent neighbors. That is to
say, the neighbor set {v € V' : (u,v) € E} of whas cardinality k for each vertex u € V.
In most cases, we also require G to be vertex-transitive, i.e. for any a,b € V there is an
automorphism 7 € Aut(G) with 7(a) = b.

In this paper, we also consider edge-weighted graphs G = (V,E,w), where w :
FE — R is a function that assigns weights to edges. In the simplest case, we take an
unweighted graph G = (V, E) and add self-loops with weight « to all vertices and
assign weight 3 to all edges; we denote such a graph by G (a, 8). Note that the
adjacency matrix of G is given by al + SAq. Unless otherwise stated, most of our
weighted graphs will be of this form.

We denote the complete graph on n vertices by K,,. The Cartesian product G & H
of graphs G and H is a graph whose adjacency matrix is I ® Ay + Ag ® I.1* The
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binary n-dimensional hypercube @,, may be defined recursively as @Q,, = K> & Q,,_1,
for n > 2, and Q; = K,. Similarly, the Hamming graph H (g, n) is defined as K;";
this may be viewed as a ¢-ary n-dimensional hypercube.

The join G + H of graphs G and H is defined as G+ H = G U H, i.e. we take a
copy of G and a copy of H and connect all vertices of G with all vertices of H.'
We will also consider the weighted join G+,H, where we assign a weight of p to the
edges that connect G and H; more specifically, the adjacency matrix of G+,H is
given by

5 %)

o] Ay (1)

with the appropriate dimensions on the two all—one J matrices. A cone on a graph G
is the graph K; + G. Similarly, a connected double cone on a graph G is the graph
K, + G; similarly, a disconnected double cone is the graph K, + G. When G is the
empty graph, the connected double cone is simply the complete graph, whereas the
disconnected double cone is the complete graph with a missing edge.”* On the other
hand, a connected (or disconnected) double half-cone on a graph G is formed by
taking K, (or K,) and G + G and connecting each vertex of the two-vertex graph to
exactly one copy of G in the join G + G. When G is the empty graph, the double half-
cone simply yields a complete bipartite graph. For more background on algebraic
graph theory, see the monograph by Biggs.'¢

For a graph G = (V, E), let |[(t)) € CIVl be a time-dependent amplitude vector
over V. The continuous time quantum walk on G is defined using Schrodinger’s
equation as

(1)) = e~ 14(0)), (2)

where [/(0)) is the initial amplitude vector.” Further background on quantum walks
on graphs can be found in the survey by Kendon.'® We say that G has perfect state
transfer from vertex a to vertex b at time t* if

|(Ble " 4¢la)| = 1, 3)

where |a) and |b) denote the unit vectors corresponding to the vertices a and b,
respectively. The graph G has perfect state transfer if there exist distinct vertices a
and bin G and time t* € RT so that (3) is true. We say that G has universal perfect
state transfer if (3) occurs between all distinct pairs of vertices a and b of G.

2.1. Example: triangle

We begin by describing an explicit example of the role of weights for perfect state
transfer in a triangle, or K3, which is the complete graph on three vertices. The
eigenvalues of K are 2 (simple) and —1 (with multiplicity 2) with eigenvectors |F}),
which are the columns of the Fourier matrix, with (j|F},) :w?,;k/\/g, for j, k€
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Fig. 1. Weighted joins: (a) Ky + K (b) K, + C,. Perfect state transfer occurs between the weighted self-
loop vertices. Without the self-loops and weights, there is no perfect state transfer.

{0,1,2}.'6 The quantum walk on K3 yields

(L]~ |0) = <1|{Ze“k|Fk><Fk|}o> = —SiePm@2). ()

k=0

So, it is clear that there is no perfect state transfer on K3.'”! Now, consider adding
self-loops on vertices 0 and 1 with weight u and putting a weight of 1 on the edge
connecting 0 and 1. The adjacency matrix of this weighted K3 is

pono 1
Ky=|n p 1]. (5)
110

The spectra of K 3 is given by the eigenvalues Ay = u —n and A\ = 2a,, where
ar =(1/4)(6xA), §=p+n and A =+6?+38, with the corresponding ortho-
normal eigenvectors

1
1 1 *x

-1 ) |vi> =

|vg) = —= ———— | =
V2 | V21 +1|

The perfect state transfer equation between the two vertices with weighted self-loops
is given by

s s 1 . , A 6 A
—itK — —itKo =, —itd ) Litd)2 g : _
(Lle"Ks]0) = (1]e |0>+26 {e {cos(Zt) [ 5111(215)} 1},
(7)

where K, is K,(u,n). Recall that the perfect state transfer (1]e~#%2]0) on
(unweighted) K, is given by —isin(t). Thus, the weighted K, has perfect state
transfer at time ¢* = (2Z + 1)7/2n, since the self-loop weight p disappears into an
irrelevant phase factor and the edge weight 7 translates into a time-scaling. So, to
achieve perfect state transfer on K 3, it suffices to have

(%Q (%ﬂ) -1 ®)

(6)
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Equivalently, we require that:

(1) A=6/4n be an integer;
(2) B=A/4n be an integer; and
(3) A = B (mod 2) or that 4 and B have the same parity.

From the first two conditions, we require that 6/A be a rational number p/q < 1 with
ged(p,g)=1. Restating this last condition on p and ¢ and simplifying, we get

8 8
b=n\g—pr AT g 9)
1 [ 8
= s 1
=\ E (10)

so that both §/4n and A/4n are integers. Therefore, we choose odd integers p and ¢
satisfying ged(p, q) = 1; this will satisfy all the three conditions stated above. This
shows that there are infinitely many weights p and 7 (via infinitely many choices of
odd integers p and ¢) which allow perfect state transfer on K 5. We generalize this
example in our join theorem for arbitrary regular weighted graphs.

This example complements a result of Casaccino et al.! which showed the power of
weighted self-loops on complete graphs. Our analysis above shows that perfect state
transfer is achieved through edge weights instead.

So, we may choose

3. Join of Regular Weighted Graphs

In this section, we prove that the existence of perfect state transfer on a join of two
arbitrary regular weighted graphs can be reduced to perfect state transfer on one of
the graphs. In fact, since we add weights to our graphs in a particular way, this is a
reduction onto the unweighted version of one of the graphs. This allows us to analyze
the double cone on any regular graph, i.e. the join of K, with an arbitrary regular
graph. The next theorem is a generalization of a similar join theorem proven by

Angeles-Canul et al.'?

Theorem 1. Forj € {1,2}, let G'j(uj, n;) be a k;-regular graph on n; vertices, where
each verter has a self-loop with weight pi; and each edge has weight n;. Also, for
je{1,2}, let

Suppose that a and b are two vertices in él. Let G = él(ul,m) + GQ(MQ,nQ) be the
join of the weighted graphs. Then,

“it4g1q) = (ble ey + Lot [os (B Z (2 ) sim (BF)] -
(ble la) = (ble la) + o {e cos { i\ x ) sin (5 15,

(12)
where § = Ky — kg and A = /62 + 4nyn,.
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Proof. Let G, be the simple and unweighted version of G for j e {1,2}, ie.
G; = G, ;(0,1). Whenever it is clear from the context, we denoteG i(1j,m;) as sunplyG

If \; and |uy) are the eigenvalues and eigenvectors of Ag , for k=0, . -1,
then

ny—1
(ble e |a) = b|{Z|uk (ugle™ M}|a> (13)

Here, we assume that |u) is the all—one eigenvector (which is orthogonal to the other
eigenvectors) with eigenvalue \j = k;. By the same token, let 6, and |v;) be the
eigenvalues and eigenvectors of Ag,, for £=0,...,m, — 1. Also, let |vy) be the
all—one eigenvector (with eigenvalue 6, = k) which is orthogonal to the other
eigenvectors |v,), £ # 0.

Let G =G 1+ C~¥2. Note that the adjacency matrix of G is

:U'1I+771AG1 Jnlxnz

A =
¢ anxnl M2I + 772AG2

(14)
Let 6 = Ky — kg, where k; = p; + n;k;, for j € {1,2}. The eigenvalues and eigenvec-
tors of Ag are given by the following three sets:

e Fork=1,. — 1, let |uy,0,,) be a column vector formed by concatenating the
column vector |uk> with the zero vector of length ny. Then |luy, 0,,,) is an eigen-
vector with elgenvalue \p = 1+ m Ay. Note that )\0 = K.

e For/=1,...,ny—1,let |0, ,v,) be a column vector formed by concatenating the
zero vector of length ny with the column vector |vy). Then |0,, ,v,) is an eigenvector
with eigenvalue 0, = py + 150,.

e Let |£) =1/v/Li|ay,1,,) be a column vector formed by concatenating the vector
ay|1,,) with the vector [1,,,), where [1,, ), [1,,,) denote the all-one vectors of length
ny, Ny, respectively. Then |£) is an eigenvector with eigenvalue A, = njay + Ko.
Here, we have

ay =

2n (6:|:A) AQ :62+4n1n2, Li :nl(ai)Q—l-nQ. (15)
1

In what follows, we will abuse the notation by using |a), |b) for both G, and G, + G;
their dimensions differ in both cases, although it will be clear from the context which
version is used. The quantum wave amplitude from a to b is given by

<b|ez‘tAg|a>:<b|eitAg{lz_:@k, 0,,|a)|ug, 0, —1—2\/7 } (16)

k=1
_ nl*l ~ithely, o—iths
= 3" (lund (wla)e s + Z — (18)

k=1
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This shows that

ny—1 ~ —itry O{Q N
ble *s|a) = (b w) (e gy — & + ) —Eeiths 19
(0] |a) <|{k§0|k><k| |a) ;Li (19)
. 2 - —itky
= (ble e |a) + § Lk e-iths _© 20
e e lo) + 3 5 X (20)

To analyze the second term next, we use the following identities whose correctness
follows easily from the definitions of oy, Ly, § and A:

aa. = —(ny/ny), (21)
oy +a.=6b/n,, (22)
L.L_ = (ny/n)A% (23)
Li+L =A/n, (24)
(Oéi)QLzF = (ny/my) L, (25)
A= (6£0)/2, (26)

where 6 = k; + ky. Therefore, the summand in (20) is given by

2
S S Yy At (8N . (At P
;Lie —nle [005(2 i\x)sin 5 ) |- (27)

This yields

(ble45a) = (ble ™1 |a)

P () (D) ()] 1) o

which proves the claim. O

We describe several applications of Theorem 1 to the weighted double cone K, + G,
for any regular graph G. For notational simplicity, let K5 denote K, if b = 1 and K,
if b=0.

Remark. The next corollary complements the observation made by Casaccino et al.!
on K, + K,,, where each vertex of K, has a weighted self-loop. They showed that
perfect state transfer occurs in this weighted graph, in contrast to the unweighted
version.

Corollary 1. For any k-regular graph G on n vertices and any b € {0,1}, there exist
weights 1, € RT so that the double cone Kg(u,n) + G has perfect state transfer
between the two vertices ong.

Proof. Consider the weighted double cone K’g(u,n) + G(0,1), where G(0,1) is

simply the unweighted graph G. We know that K ’;( 1, m) has perfect state transfer for
bnt* = (2Z + 1)m/2. Note that when b = 0, the perfect state transfer time is co or
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nonexistent. Let § = (u + bn) — kand A2 = 62 + 8n. By Theorem 1, it suffices to have

s (21 (20 o (£ Yoo (22) oo

So, we require that:

(1) A=6/4n be an integer;

(2) B=A/4n be an integer; and

(3) [[A = B (mod 2)]] = b; or that A and B have the same parity if and only if b = 1.

From the first two conditions, we require that §/A be a rational number p/q < 1 with
ged(p, ) = 1. Restating this last condition on p and ¢ and simplifying, we get

(30)

1 8&n
=—y | 31
n 4\/q2_p2, (31)

so that both §/4n and A/4n are integers. Therefore, we choose integers p and ¢
satisfying ged(p,q) = 1 and [[p = ¢ (mod 2)]] = b; this will satisfy all the three con-
ditions stated above. Finally, we may choose = bn — k — 6 to complete the weight
parameters. O

Thus, we may choose

3.1. Double half-cones

In this subsection, we consider graphs obtained by taking a half-join between K, and
G + G, for some arbitrary A-regular graph G, where each vertex of K, is connected to
only one copy of G in the join G + G. When G = K, this half-join is obtained by
selecting two adjacent vertices in the complete bipartite graph K, 4. In contrast
to complete graphs, we show that weights are not helpful in complete bipartite
graphs for achieving perfect state transfer. In fact, we prove a stronger result where
perfect state transfer still does not exist even if weights are added to some of the other
sets of edges.

I3

Fig. 2. Weighted half-join between K, and K3 5. This is equivalent to adding weights to a connected pair
of vertices in the complete bipartite graph K 4. There is no perfect state transfer between the two vertices
with weighted self-loops.
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Theorem 2. Let G be a k- regular gmph on nvertices. Let G(u, n; k, 7, p; €) be a graph
obtained from Ko(p, n) and G(k, )+, G(k,7) by connecting each vertez of Ko(p,n)
to exactly one copy OfG(Ii T) in the weighted join G(H T)+, G(I‘L 7) and assigning a
weight of € to each of these connecting edges. Then, there are no nonzero real-valued
weights w, n, k, T, p or € for which G(u,n; k, T, p; €) has perfect state transfer between
the two vertices of K (i1, n).

Remark. Note that if ¢ = 0, then we have perfect state transfer in G trivially.

Proof. The adjacency matrix of G is given by

pooon el 0}
T T
Ag — n H On Eln , (32)
el, 0, klI,+TAqg pd,
On gln p‘]n H‘In + TAG

where 0,, and 1,, denote the all—zero and all—one column vectors of dimension n,
respectively. Suppose that A;|u;) = Aj|u;) are the eigenvalues and eigenvectors of G,
for 0 < j<mn-—1, with |uy) being the all—one eigenvector with Ay = k. Then the
spectra of Ag is given by the following sets:

(1) The eigenvectors |0,0,0,,u;) and |0,0,u;,0,) share the eigenvalues x + 7);, for
1<j<n-—1.
(2) Let

1

where 6, = (u+n) — (k + 7k + pn) and A% = 62 + 4e2n. Then, the two eigen-
vectors

1
lay) = ——=la oy 1, 1,]7 (34)
v Li
have A\ = ay + (k+ 7k + pn) as eigenvalues. Here LS = 2(ay)? + 2n is the
normalization constant.
(3) Let

(65 % Ay), (35)

l\:)\r—\

By

where 83 = (u—n) — (k+ 7k —pn) and A% =5%+4e*n. Then, the two
eigenvectors

1
8
\VLL

have 0, = 6. + (k + 7k — pn) as eigenvalues. Here Li =2(6.)%+2n is the
normalization constant.

|6i> = [6 B+ 1, n] (36)
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The following identities can be verified easily: for £ € {«a, 8}, we have

LSYLS = 4nA}/e?, (37)
erf, = —-n, (38)
¢iLS =nLt. (39)

Using these, the quantum walk on G starting at ¢ and ending at b is given by

<b| —ZtAg|a {Z e—mi } {Z e—ithy & ﬁi } (40)

After simplifications, we obtain

. —i(lﬁ-‘-Tk)t i . A 6 A
(ble "5 |a) = c 5 e i)t g —idat/2 [cos (7“ t) —3 AH sin (7“ t)] (41)

—i(ktTR)E ‘ A, 5 A
e 5 it —idst/2 [cos <75t> — zA—i sin (Tﬂ t)} . (42)

Ignoring the irrelevant phase factor e #"+7) and noting that the damping factor
6/A forces the sine term to vanish, we get

} —i(pn)t
(ble~*45|a) = ¢ cos 5—”15 cos ﬁt
2 2 2

i(pn)t (S A
£ cos ( J t) cos ( s t). (43)
2 2 2

We choose t* so that e """ = 1, which implies that ¢* = 2Zx/pn. This simplifies
the above expression to

—it*Ag a g% B 1% B L x
¢ g —a — —cos 2 ) — . 44
(ble 9|a) 2c05<2t>c05<2t> 2C05(2t>005(2t> (44)

For simplicity, define

Z, = cos 5—“t* cos ﬂt" = cos 6—a7r cos ﬁw ) (45)
2 2 pn pn
6 A b A
Zy=cos (2t* ) cos [ =2t* ) = cos (27 ) cos (7). (46)
‘ 2 2 on pn

Let
- ) ~ A - 6 ~ Ag
Pa:iv Q(y*i&a P,{i:ia Qﬁ:%' (47)
pn pn pn pn
To achieve perfect state transfer, we require that Z,Z; = —1. For example, if we

require that Z, = —1 and Z; = 1, then it suffices to impose the following integrality
and parity conditions:

pUt’ QL\ e Z? p(Y ?_é Q@ (mod 2)7 (48)
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P, Qg €Z, Py= @ﬁ (mod 2). (49)

We will show that there is no p which can satisfy all the above conditions.
Suppose that, for € € {a, 8}, we have

b pe
cQ, 50
A a (50)

where p, and ¢, are integers with ged(pg, ¢¢) = 1; moreover, since Ag = 6? + 4e’n, we
get

4e2n 4e2n
b = , Ar=q . 51
13 qg _pg 3 3 qg — pg ( )
Consider 155 and Qg, for € € {«, 8}. Letting A = 2¢/p\/n, we have
A
(52)

[V}
[V}

A
= P¢e—F7—/——— 5 Qg =l e
\/ e — pf 9e — pf

Since P, = ﬁ’Q (mod 2) we know that Pu E2 Q (mod 2) is equivalent to P, #
Q. (mod 2). Likewise, Pﬁ = Qg (mod 2) is equivalent to Py = Q4 (mod 2). This
changes (52) to

Ly, A2

A2
P¢=p;

s Qi=al (53)
a¢ = g a¢ — g

Since we require that 155 and Q§ be integers, (qg - pf) | quQ and (qg —pg) | pgAQ.
However, ged(pg, qc) = 1 implies that gcd(pg,qg) = 1. This gives us (qg - pg) | A2.

Suppose now that pd = qﬁ (mod 2) Then qﬁ pﬁ is even This forces A% to be
even Slmllarly, suppose that p? 3 # ¢> ﬂ (mod 2). Then q3 5 p? 3 is odd. However, since
Pﬁ = Qg (mod 2) and one of pﬂ, qd is odd A? must be even.

In both cases, A? is even Allowing p? = qa (mod 2) guarantees that Pa = Qa
(mod 2). Letting p2 # ¢2 (mod 2) gives us g2 — p2 to be odd. This again forces
Isi = Qi (mod 2). Both instances contradict our given requirement that 152 e Qi
(mod 2).

The case where we require that Z, = 1 and Z3 = —1, i.e. where P is even and Qa,
P 5 Qg are odd, may be treated similarly. O

Corollary 2. For anyn > 2, consider the complete bipartite graph K, ,,. Let a and b
be two arbitrary adjacent vertices in K, ,,. Then, there are no self-loop weights i on a
and b and edge weightn on the edge (a, b) for which there is perfect state transfer from
vertex a to vertex b in this weighted version of K, ,,.

Proof. We apply Theorem 2 with G = K,_; set to the empty graph on n — 1
vertices, i.e. is A is the all—zero matrix and hence k = 0. Also, weset e =1, Kk =0
and 7 is an arbitrary value. In the proof of Theorem 2, setting x = 0 does not affect
perfect state transfer since the term x + k7 may be ignored due to its contribution as
a global phase factor. Setting ¢ = 1 does not affect perfect state transfer since it is
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“factored out” through A. Thus, these specific settings of values do not affect the
conclusions of Theorem 2. O

4. Hamming Graphs

We show that the class of weighted Hamming graphs exhibit perfect state transfer
between any two of their vertices. First, we prove the following closure result on the
Cartesian product of graphs. This is an adaptation of a similar theorem for the
unweighted case.!?

Theorem 3. Forj=1,...,m, the graph G; has perfect state transfer from a; to b; at
timet; if and only if G = ©L1G (115, n;) has perfect state transfer from (ay, . . ., a,,) to
(b1,...,by,) at timet*, whenevert* = t;/n;. This holds independently of the choice of
the self-loop weights y;.

Proof. We prove the claim for m = 2. Suppose that the unweighted graph G; has
perfect state transfer from a; to b; at time ¢7. Consider the quantum walk on the

G 1(p,m) @ G 9 (g, m9). In shorthand we denote each graph simply as G ;: j

(b1, ofe 102 ay, az) = (b (bole "0 e TG ) ay) (54)
= (by|(bo| (T @ e~ ") (e "1 @ D)]ay)]ag) ~ (55)
= (byle "1 |ay) (byle "% |ay). (56)
Since Ag, ) = #l +nAg, we have
(ble~™a|a) = e~ (ble~" e |q). (57)

Therefore, the quantum walk on the weighted Cartesian product yields
(by, byle 01502 ]ay, ap) = e~ I (b e~ an |y ) (by|e Tt |ay). (58)

This shows that G, & G has perfect state transfer from (a1, a9) to (by, by) at time ¢if
and only if G has perfect state transfer from a; to b; at time 7t and G, has perfect

(a) (b)

Fig. 3. Hamming graphs: (a) H(2,3), (b) H(3,2). Perfect state transfer occurs between any pair of
vertices with the help of weighted self-loops and edges.
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state transfer from a, to b, at time 7,t. So, if the weights 7; satisfy n;t* = t;, for all j,
then G| @& G4 has perfect state transfer at time ¢*. The general claim follows by
induction. O

Theorem 4. The class H (g,n) of weighted Hamming graphs has universal perfect
state transfer at an arbitrarily chosen time.

Proof. Recall that H(¢q,n) = K;". Let a = (ay,...,a,) and b = (by,...,b,) be two
vertices of H (¢,n). By Corollary 1, we know that K , has perfect state transfer
between any two of its vertices for a suitable choice of weights. For each dimension
j€{1,...,n}, fix a set of weights so that Kéﬁ has perfect state transfer from a; to b;.
()

Then, by Theorem 3, EB;":lK' , has perfect state transfer from a to b. O

4.1. Hypercubes

In this subsection, we show that a weighted hypercube has the property of universal
perfect state transfer. In fact, we prove a stronger statement as given in the next
theorem. But, first, we need to define a particular notion of uniform superposition
over the n cube.

Fact 5.%2 The following facts are known about a quantum walk on the hypercube Q,,
at times ¢t € {7/4,7/2}:

(ble—[a) = (—i)le2tl //2m %f t=m/4, (59)
[a®b=1,)] ift=m/2.

We say that a superposition |g,) over @, is in normal form if

= ! —i)ll|a
|2n) \/ﬁae%}“( ) la). (60)

Note that |g,) is the uniform superposition of a quantum walk on @Q,, from 0,, at time
/4, i.e. |0,) = exp(—i(7/4)Q,)|0,).

Theorem 6. For anyn > 1, given any two distinct subcubes By and By of Q,,, there
is a set of edge weights w so that Q) has perfect state transfer between uniform
superpositions in normal form on B; and Bs.

Proof. First, we show that the hypercube @, has perfect state transfer from any
vertex to any subcube. Since @,, is vertex-transitive, it suffices to show perfect state
transfer from the vertex 0, to the subcube B = (1,0,%,,), where m =n — k — ¢.
Define the adjacency matrix of Q,L as

1
Qn - Qk ® Ign—k + §ng+é' ® Qm, (61)
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which is a sum of two commuting matrices. Then, letting ¢t* = 7/2, we have

<1koé‘ <Qm| €xp (_it*Qn) |Okoéom>

t*
= <1k01|<gm| €Xp (_Z?wa” 0y Qm) |1k0507n>' (62)

The equality and the fact that the last expression has unit magnitude follow from
Fact 5.

To show perfect state transfer between two arbitrary subcubes, note that we just
showed that |B) = e~it*4|0,,). Thus, we also have |0,) = e~#**(~@.)| B). This proves

the claim. O

We recover the result of Bernasconi et al.,> which we restate in the next corollary,
via the use of explicit edge weights on the hypercube.

Corollary 3. For anyn > 1, given any two distinct vertices a and b of the hypercube
Q,,, there is a set of edge weights w so that Q. has perfect state transfer from a to b at
time t* = m/2.

Remark. We note that Bernasconi et al.? proved universal perfect state transfer for
the n cube by dynamically changing the underlying hypercubic structure of the
graph. In contrast, our scheme is based on using static weights which can be inter-
preted dynamically with time. In both schemes, it is possible to route information
through a Hamiltonian path which visits each vertex once and exactly once. We
believe that this Hamiltonian property might be of interest in further applications of
perfect state transfer.

5. Conclusion

We studied perfect state transfer on quantum networks represented by weighted
graphs. Our goal was to understand the role of weights in achieving perfect state
transfer on graphs.

First, we proved a join theorem for weighted regular graphs and found, as a
corollary, that a weighted double cone on any regular graph has perfect state
transfer. This implies as a corollary a result of Casaccino et al.! where the regular
graph is a complete graph. In contrast, we also showed that weights do not help in
achieving perfect state transfer on complete bipartite graphs. This is obtained as part
of a more general result on graphs constructed from a half-join of K5 and G + G, for
an arbitrary regular graph G. We found it curious that the full join connection
seemed crucial for weights to have a positive effect in achieving perfect state transfer.
We leave the case of complete multipartite graphs and strongly regular graphs as an
open question.

Second, we observed that Hamming graphs have the property of universal perfect
state transfer. This is a stronger requirement than the standard perfect state transfer
property where perfect state transfer must occur between any pair of vertices. Prior
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V6

Vv3-1
V22
v1-3

V6 V10
(a) (b) (c)
Fig. 4. Existence of universal near-perfect state transfer on any weighted graph. (a) @, has vertex-to-

vertex PST.? (b) Hypercubic-weighted P, has end-to-end PST.* (c) Emulate the hypercubic weighting
along any path between the source and target vertices while setting other weights to near zero.

to this work, the only known family of graphs with universal perfect state transfer
were the (unweighted) hypercubic graphs.? We proved our result on the Hamming
graphs by showing a closure result for a weighted Cartesian product of perfect state
tranfer graphs, even when the graph components have different perfect state transfer
times. The unweighted version of this closure result, as shown by Angeles-Canul
et al.,'? requires a global common perfect state transfer time for all graphs in the
Cartesian product. For the hypercubes, we showed a stronger property of universal
perfect state transfer, where perfect state transfer occurs between uniform super-
positions of two arbitrary subcubes. We imposed a mild condition on the uniform
superpositions which exhibit perfect state transfer.

Note that if zero weights are allowed, then universal perfect state transfer is
trivial. Simply take any path connecting the two vertices and assign the hypercubic
weights to the edges on the path (as in Ref. 4) and zero weights to all other edges. If
zero weights are not allowed, then we conjecture that near-perfect state transfer is
possible by assigning weights that tend to zero (for the edges which require zero
weights).
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