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Bessel functions are solutions of the differential equation given below.

%% [x%j + (az—pz)y =0

obtained using Frobenius series. The two linearly independent solutions are J, (ax) and

J., (ax)so long as pis not an integer. These are known as the Bessel functions of the
first kind. If pis zero, the two solutions are identical, and if pis a positive integer, the
second solution J__ (ax) is a linear multiple of the first solution J_ (ax). Insuch cases,
the second linearly independent solution of Bessel’s equation is written as Y (a X) , which

is known as the Bessel function of the second kind. In the following, the factor « is
omitted wherever it is not needed. The series solution for J, (x)can be written as
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The quantity (k + p)! is to be interpreted as the gamma function I'(k + p+1)when p is not
an integer.

When pis 0 or a positive integer, we can write Y, (x) as shown below.
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where ¢ (k) :Ziand ¢(0)=0. The symbol y stands for Euler’s constant, defined as
m
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y =lim [@(k)-logk | =0.5772157...
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If pis not zero or a positive integer, the function Y, (x) can be written as
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which is, of course, a linear combination of the two linearly independent solutions. This
definition reduces to those given above when p approaches an integer value.

If Z,(ax)=cJ,(ax)+c,Y,(ax) where c, and c, are arbitrary constants, the following
relationships are applicable.
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Also, you will find the following variations useful.

Z, 1 (axX) + Zy (@) :% Z, (ax)
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In the interval (a, b) where 0<a<b), the orthogonality property of Bessel functions can
be stated as follows:
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provided A, is a real root of
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and two numbers k; and k, exist (both not zero) such that for all values of n,
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The prime that appears in the right side of the result for the integral is to be interpreted as
differentiating with respect to the entire argument, not just with respectto x. For example,

whereas o(lj_x Jo(AX) == 2 3,(Ax), the result for J;' (Ax)=-J,(Ax) .

The above results for the integrals hold in the case when a =0, provided we set ¢,=0.
This means that when a =0, the results apply only for the Bessel function of the first kind,

and not the second kind. This is because Y, (x) becomes singular as x — 0.
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Given below are some specialized versions of the general result for sz§ (ﬂnx)dx when
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Z,(2,x)=1J,(4,x), from Hildebrand (1).
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Here are sample graphs showing the behavior of the functions J, (x) and J, (x), followed
by Y,(x) and Y, (x).
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